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We study optomechanically-induced transparency (OMIT) in a compound system consisting of
an optical cavity and an acoustic molecule, which features not only double OMIT peaks but also
light advance. We find that by selectively driving one of the acoustic modes, OMIT peaks can
be amplified either symmetrically or asymmetrically, accompanied by either significantly enhanced
advance or a transition from advance to delay of the signal light. The sensitive impacts of the
mechanical driving fields on the optical properties, including the signal transmission and its higher-
order sidebands, are also revealed. Our results confirm that selective acoustic control of OMIT
devices provides a versatile route to achieve multi-band optical modulations, weak-signal sensing,
and coherent communications of light.
PACS numbers: 42.50.WK, 42.65.Hw, 03.65.Ta
I. INTRODUCTION
Cavity optomechanics (COM), focusing on the inter-
play of optical lasers and mechanical devices, provides
unprecedented opportunities to explore both fundamen-
tal issues of quantum mechanics [1, 2] and practical quan-
tum control of light and sound [3–16]. A prominent
example, which is closely related to our present work,
is optomechanically-induced transparency (OMIT) [17–
20]. Playing a key role in COM-based coherent con-
trol of light, OMIT has been experimentally demon-
strated with microtoroid resonators [20], diamond crys-
tals [21], microwave circuits [22], nanobeam or mem-
brane devices [23, 24], and nonlinear resonators [25, 26].
In recent works, more exotic properties of OMIT de-
vices have been revealed, such as cascaded OMIT [27],
nonreciprocal OMIT [28–31], reversed OMIT [32–34],
vector OMIT [35], nonlinear OMIT [36–38], two-color
OMIT [39], and sub-Hertz OMIT [40]. These devices pro-
vide a powerful platform to realize, for examples, quan-
tum memory [23, 41, 42], signal sensing [43–47], and
phononic engineering [48–51].
Very recently, COM devices fabricated with opti-
cal dimers (i.e., coupled optical resonators) [12, 52–55]
or acoustic dimers [27, 56–60], have been utilized to
achieve, for examples, COM-based phonon lasing [12–
14], unconventional photon blockade [61–64], and topo-
logical COM control [53, 65, 66]. In particular, by us-
ing multi-mode mechanical elements, experimentalists
have demonstrated phonon-phonon entanglement [59,
60], two-mode phonon laser [11], optomechanical Ising
dynamics [67], mechanical synchronization or multi-wave
phonon mixing [56, 57, 68], and coherent phonon trans-
fer [69]. Appealing predictions for this system also in-
clude acoustic Josephson junctions [70], COM superradi-
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ance [71, 72], parity-time symmetry acoustics [73], and
phononic crystal shield [74].
In this paper, we focus on the role of selective me-
chanical pump in OMIT with two coupled mechani-
cal resonators (MRs). In experiments, this three-mode
COM system has been demonstrated with a double-
microdisk resonator, a zipper nanobeam photonic crys-
tal, or a microwave device with two micromechanical
beams [56, 75]. Strong mechanical driving has also
been utilized to achieve hybrid quantum spin-phonon de-
vices [76] or ultra-strong exciton-phonon coupling [77].
In the absence of the mechanical driving, such a system
features double OMIT spectrum, i.e., the appearance of
two symmetric transparent peaks around an absorption
dip at the cavity resonance (which is otherwise a trans-
parent peak for COM with a single mechanical oscilla-
tor [20, 23]). Here we find that, by selectively driving the
mechanical resonators, the OMIT peaks and the accom-
panied optical group delays can be significantly altered.
In comparison with the case of only a single driven os-
cillator [78–84], in our system, we can achieve symmet-
ric or asymmetric suppressions or amplifications of dou-
ble OMIT peaks, which is accompanied by either signif-
icantly enhanced advance or a transition from advance
to delay of the signal light. Our results confirm that
multi-mode OMIT devices with selective acoustic con-
trol, provide a versatile route to realize coherent multi-
band modulations, switchable signal amplifications, and
COM based light communications.
II. THEORETICAL MODEL
We consider a three-mode COM system composed of
an optical resonator with two MRs (see Fig. 1). The
MR1 couples not only with the cavity field (via radia-
tion pressure force), but also with the MR2 (through the
position-position coupling). As shown in experiments,
the position-position coupling can be realized by e.g., us-
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FIG. 1. (Color online) (a) Schematic illustration of the com-
pound COM system. The cavity is driven by a pump field at
frequency ωl and a weak probe field at frequency ωp, with the
optical amplitudes εl, εp, and the phases φl, φp, respectively.
The selective mechanical driving of MRs provides extra con-
trol of OMIT, with amplitude ε1 (ε2) at frequency ω1 (ω2). κ
and γi (i = 1, 2) are the optical and mechanical decay rates,
respectively. (b) Energy-level structures of this system, where
|m〉, |n1〉 and |n2〉 denote the number states of the cavity
mode and the mechanical modes, respectively.
ing a piezoelectric transducer[57], or applying an elec-
trostatic force between the MRs [85, 86]. For two MRs
coupled by the Coulomb force [85–87], the interaction
between them is written in the simple level as
Hcoul =
−keq1q2
|r0 + x1 − x2| , (1)
where ke is the electrostatic constant, r0 is the equilib-
rium separation of the two charged oscillators in absence
of any interaction between them, and mi (i = 1, 2) or
qi = CiVi is the effective mass or the charge of the MRi,
with Ci and Vi being the capacitance and the voltage of
the bias gate, respectively. xi (i = 1, 2) is the small oscil-
lations of the MRi from their equilibrium position. In the
case of r0  {x1, x2}, with the second-order expansion,
one can expand
Hcoul ' −keq1q2
r0
[
1− x1 − x2
r0
+
(
x1 − x2
r0
)2]
, (2)
here the constant term and the linear term which can
be absorbed into the definition of the equilibrium po-
sitions, and the quadratic term includes a renormaliza-
tion of the oscillation frequency for the two MRs. More-
over, the small oscillations of the two mechanical oscilla-
tors from their equilibrium positions can be represented
xi =
√
~/2miωm,i(bi + b†i ) (i = 1, 2). Therefore, the
effective Coulomb interaction can be simplified as
Hcoul = −2keC1V1C2V2
r30
x1x2 = ~λ(b†1b2 + b1b
†
2), (3)
here λ is the Coulomb interaction strength
λ =
keC1V1C2V2
r30
√
~
m1m2ωm,1ωm,2
, (4)
for the typical experimental parameters r0 = 2 mm,
C1 = C2 = 27.5 nF, and V1 = V2 = 1 V [85, 86], we
find λ ' 0.1 MHz. Table I shows more relevant parame-
ters of experimentally achieved coupled MRs. The cav-
ity is driven by a pump field and a weak probe field.
Meanwhile, as also shown in experiments [27, 88, 89],
mechanical driving fields with frequency ωi and phase φi
(i = 1, 2) can be applied to selectively pump the MRs.
We note that in the simplest two-mode COM (i.e., with-
out the MR2), pumping the MR1 leads to a closed-loop
∆-type energy-level structure [see Fig. 1(b)], under which
optical properties of the system become highly sensitive
to the mechanical pump parameters [78–83]. In the pres-
ence of coupled two MRs, as shown in a recent experi-
ment [27], the effective phonon-phonon coupling also can
be enhanced by the mechanical pump. Inspired by these
works, here we show that by selectively driving the MRs,
significantly different OMIT properties can be revealed,
which offers flexible ways to control light in practice.
In the rotating frame at the pump frequency, the total
Hamiltonian of the system can be written at the simplest
level as
H = H0 +Hint +Hdr,
H0 = ~∆cc†c+ ~ωm,1b†1b1 + ~ωm,2b
†
2b2,
Hint = −~gc†c (b†1 + b1) + ~λ(b†1b2 + b1b†2),
Hdr = i~
∑
j=1,2
εjb
†
je
−iωjt−iφj + i~εlc†
+ i~εpc†e−iξt−iφpl −H.c., (5)
where c or bi (i = 1, 2) is the annihilation operator of the
cavity field with frequency ωc or the MRi with frequency
ωm,i, respectively. ∆c = ωc − ωl, φpl = φp − φl, and g
denotes the optomechanical coupling coefficient. In the
following, we focus on the features of OMIT by selectively
driving the MRs, including the signal transmission, group
delay, and its higher-order sidebands.
For this purpose, the equations of motion (EOM) of
this system are
c˙ = −
(
i∆c +
κ
2
)
c+ ig(b†1 + b1)c+ εl + εpe
−iξt−iφpl ,
b˙1 = −
(
iωm,1 +
γ1
2
)
b1 + igc
†c− iλb2 + ε1e−iξt−iφ1 ,
b˙2 = −
(
iωm,2 +
γ2
2
)
b2 − iλb1 + ε2e−iξt−iφ2 , (6)
3TABLE I. Experimental parameters of the mechanical resonators
Reference Material Mechanical frequency ω1(ω2) Damping rate γ1(γ2) Coupling form
L. Fan et al. [27] AlN 6.87 GHz (456.5 MHz) 105.5 kHz (8.478 kHz) nonlinearly
Q. Lin et al. [56] Si3N4 / SiO2 8.3 MHz (13.6 MHz) 2.1 MHz (0.11 MHz) linearly
H. Okamoto et al. [57] GaAs 1.845 MHz (1.848 MHz) 131.9 Hz (131.9 Hz) linearly
M. J. Weaver et al. [58] Si3N4 297 kHz (659 kHz) 9.42 Hz (6.28 Hz) linearly
κ and γi (i = 1, 2) are the optical and mechanical decay
rates, respectively. In the case of {εp, εi}  εl, we ex-
press the dynamical variables as the sum of their steady-
state values and small fluctuations, i.e., c = cs + δc and
b = bi,s + δbi (i = 1, 2). The steady-state values of the
dynamical variables are
cs =
εl
i∆ + κ2
,
b1,s =
ig|cs|2 − iλb2,s
iωm,1 +
γ1
2
,
b2,s =
−iλb1,s
iωm,2 +
γ2
2
, (7)
here ∆ = ∆c−g(b∗1,s+ b1,s). To calculate the amplitudes
of the first-order and second-order sidebands, we assume
that the fluctuation terms δa and δbi (i = 1, 2) have the
following forms [36]
δc = A−1 e
−iξt +A+1 e
iξt +A−2 e
−2iξt +A+2 e
2iξt,
δb1 = B
−
1 e
−iξt +B+1 e
iξt +B−2 e
−2iξt +B+2 e
2iξt,
δb2 = D
−
1 e
−iξt +D+1 e
iξt +D−2 e
−2iξt +D+2 e
2iξt. (8)
Substituting Eq. (8) into Eq. (6) leads to twelve equa-
tions. We can simplify these twelve equations into two
groups [36]: one group describes the process of the first-
order sideband which corresponds to the linear case
h+1 A
−
1 = iG(B
+∗
1 +B
−
1 ) + εpe
−iφpl ,
h−1 A
+∗
1 = −iG∗(B1− +B+∗1 ),
h+2 B
−
1 = iGA
+∗
1 + iG
∗A−1 − iλD−1 + ε1e−iφ1 ,
h−2 B
+∗
1 = −iG∗A−1 − iGA+∗1 + iλD+∗1 ,
h+3 D
−
1 = −iλB−1 + ε2e−iφ2 ,
h−3 D
+∗
1 = iλB
+∗
1 , (9)
and the other group describes the the second-order side-
band
h+4 A
−
2 = iG(B
+∗
2 +B
−
2 ) + ig(A
−
1 B
∗
1+ +A
−
1 B1−),
h−4 A
+∗
2 = −iG∗(B+∗2 +B−2 )− ig(A+∗1 B−1 +A+∗1 B+∗1 ),
h+5 B
−
2 = iGA
+∗
2 + iG
∗A−2 + igA
−
1 A
+∗
1 − iλD−2 ,
h−5 B
+∗
2 = −iG∗A−2 − iGA+∗2 − igA−1 A+∗1 + iλD+∗2 ,
h+6 D
−
2 = −iλB−2 ,
h−6 D
+∗
2 = iλB
+∗
2 , (10)
here G = gcs and
h±1 =± i∆ +
κ
2
− iξ, h±2 = ±iωm,1 +
γ1
2
− iξ,
h±3 =± iωm,2 +
γ2
2
− iξ, h±4 = ±i∆ +
κ
2
− 2iξ,
h±5 =± iωm,1 +
γ1
2
− 2iξ, h±6 = ±iωm,2 +
γ2
2
− 2iξ.
By solving Eq. (9) and Eq. (10) leads to
A−1 =
[
(h−1 U
+
1 U
−
1 + |G|2Π)εp
h+1 h
−
1 U
+
1 U
−
1 + 2i∆|G|2Π
+
iGh−1 h
+
3 U
−
1 ε1e
−iΦ1
h+1 h
−
1 U
+
1 U
−
1 + 2i∆|G|2Π
+
Gh−1 U
−
1 λε2e
−iΦ2
h+1 h
−
1 U
+
1 U
−
1 + 2i∆|G|2Π
]
e−iφpl , (11)
and
A−2 =
−iξgGΓ− gh−4 U+2 U−2 (h−1 /G∗)
h+4 h
−
4 U
+
2 U
−
2 + 2i∆ |G|2 Γ
A−1 A
+∗
1 +
gG2Γ(h−1 /G
∗)
h+4 h
−
4 U
+
2 U
−
2 + 2i∆ |G|2 Γ
(
A+∗1
)2
, (12)
here
Φi = φi − φpl = φi + φl − φp,
U±1 = h
±
2 h
±
3 + λ
2, Π = h−3 U
+
1 − h+3 U−1 ,
U±2 = h
±
5 h
±
6 + λ
2, Γ = U+2 h
−
6 − U−2 h+6 .
With these at hand, by using the input-output rela-
tion [90]
cout = cin −√ηcκA−1 ,
where cin and cout are the input and output field opera-
tors, respectively, we can obtain the transmission rate of
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FIG. 2. (Color online) (a-c) Transmission of the probe light as a function of the optical detuning ∆p/ωm with different values
of the amplitude εi (i = 1, 2). (d) For ∆p = 0, transmission of the probe light as a function of the amplitude εi (i = 1, 2).
the probe as
|t(ωp)|2 =
∣∣∣∣1− ηcκA−1εpe−iφpl
∣∣∣∣2 . (13)
In Eq. (11), the first term is the contribution from the
standard OMIT process due to the destructive interfer-
ence of the probe absorption [19, 20]. The second and
third term are the contribution from the phonon-photon
parametric process [78] and the phonon-phonon paramet-
ric process [27], induced by driving the MR1 and MR2.
Clearly, these parametric process can modify and con-
trol the transmission of the signal field by adjusting the
amplitude εi and the photon-phonon mixing phase Φi
(i = 1, 2).
III. RESULTS AND DISCUSSION
A. Linear OMIT spectrum
In our numerical simulations, to demonstrate that the
observation of the signal transmission is within current
experimental reach, we calculate Eq. (13) and (17) with
parameters from Ref. [42, 58, 85–87]: ωm,i/2pi = 947 kHz
(i = 1, 2), mi = 145 ng, γi = ωm,i/Q, κ/2pi = 215 kHz,
Q = 6700, λl = 1064 nm, L = 25 mm, λ = 0.1 MHz, and
PL = 3 mW. We have confirmed that for the pump power
PL < 7 mW, single stable solution exists and the com-
pound system has no bistability (see stability analysis in
Appendix A).
Figure 2 shows the transmission rate |t(ωp)|2 as a func-
tion of the optical detuning ∆p/ωm = (ξ − ωm)/ωm and
the phase Φ1. For comparisons, we first consider the
single-mirror case (λ = 0). As in standard COM sys-
tem (without any mechanical driving), a standard sin-
gle transparency window emerges around the resonance
point ∆p = 0 [see the blue solid line in Fig. 2(a)], as
a result of the destructive interference of two absorp-
tion channels of the probe photons (by the cavity or by
the phonon mode) [19, 20]. When a mechanical driv-
ing field is applied to the MR1, there are three coupling
pathways of this system. The transitions |m,n1, n2〉 ↔
|m + 1, n1, n2〉, |m,n1 + 1, n2〉 ↔ |m + 1, n1, n2〉, and
|m,n1, n2〉 ↔ |m,n1 + 1, n2〉 can be achieved by apply-
ing a probe field, an optical pump field, and a mechanical
pump field. Clearly, the three couplings result in a closed-
loop ∆-type transition strcture, leading to the phase-
sensitive optical behaviors of the OMIT system [78–80].
As shown in Fig. 2(a), the transmission rate at ∆p = 0
can be firstly suppressed and then amplified by increasing
the mechanical driving strength due to the interference
between the OMIT process and the phonon-photon para-
metric process [represented by the first and the second
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FIG. 3. (Color online) (a) For single mirror (λ = 0), the transmission as a function of the optical detuning ∆p/ωm and the
phase Φ1. (b,c) For two mirrors, transmission of the probe light as a function of the optical detuning ∆p/ωm and the phase Φi
(i = 1, 2).
terms in Eq. (11), respectively]. By setting |t(ωp)|2 = 0,
the turning point (TP) position turns out to be(
ε1
εp
)
TP
=
ωm,1κ+ ∆γ1 − ωm,1ηκα
2Gh+1 h
−
1 h
+
2 h
−
2 ηκ
, (14)
with
α = 2h+1 h
−
1 h
+
2 h
−
2 + |G|2κγ1 − 4∆ωm,1|G|2, (15)
which, for the parameter values chosen here, corresponds
to (ε1/εp)TP ' 0.45.
For λ 6= 0, in the absence of any mechanical driving,
double OMIT spectrum is known to appear in the two-
mirror system [see the blue solid line in Fig. 2(b)], i.e.,
the purely mechanical coupling splits the original single-
mirror OMIT peak into two [44, 87]. Now we study the
new features of double OMIT with switchable mechanical
driving applied to either MR1 or MR2.
By driving the MR1, both effective optoemchanical
coupling and phonon-phonon coupling can be enhanced
[27] and a closed-loop ∆-type energy-level transitions
configuration is formed in this system (for similar sys-
tems, see Refs. [78–80]). This leads to symmetric sup-
pressions (Φ1 = 0) or amplifications (Φ1 = pi) for both
OMIT peaks [see Fig. 2(b)], with a resonant absorption
dip at ∆p = 0 [Fig. 2(b) and the blue dashed line in
Fig. 2(d)]. In contrast, by driving the MR2, with the en-
hanced phonon-phonon coupling [27], highly asymmetric
Fano-like OMIT spectrum appears due to the competi-
tion between the OMIT process and the phonon-phonon
coupling process, corresponding to the first and the third
terms in Eq. (11), respectively, as shown in Fig. 2(c). The
physics of these features can be explained as follows: In
such a system, the MR1 couples not only with the cavity
field, but also with the MR2. By driving the MR1, both
effective optoemchanical coupling and phonon-phonon
coupling can be enhanced (see e.g., Ref. [27] for simi-
lar results). However, by driving the MR2, only effective
phonon-phonon coupling can be enhanced. Thus, as ex-
pected, asymmetric amplifications of the signal light can
be achieved by selectively driving the MR2. These in-
tuitive pictures agree well with our numerical results as
shown in Fig. 2.
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Interestingly, for single mirror case, the transmission
of the probe light changes periodically with the phase Φ1
[see Fig. 3(a)]. For example, with ε1/εp = 0.45, the trans-
mission rate changes from strong absorption to amplifi-
cation by tuning the phase Φ1 from 0 to pi. Also, for two
mirrors case, periodic changes of the optical transmission
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rate can be found by varying the phase of the mechani-
cal driving field [see Fig. 3(b) and Fig. 3(c)]. Hence, more
flexible OMIT control of the signal light becomes acces-
sible by selective driving the MRs, e.g., the signal can
be completely blockaded or greatly amplified by driving
the MR1 or MR2, at the resonance point ∆p = 0. This
ability of selectively switching and amplifying the input
weak signal could be highly desirable in practical optical
communications [78–81, 91].
B. Optical group delay
The group delay of the transmitted light is given by
τg =
d arg[t(ωp)]
dωp
|ωp=ωc . (16)
Accompanying with the standard single-mirror OMIT,
slow light [see the blue dashed line in Fig. 4(a)] can
emerge due to the abnormal dispersion [23]. In contrast,
by introducing active gain into the system, fast light can
be observed in experiments [32, 79, 92]. A merit of our
system is the ability to selectively achieve either slow
light or fast light by controlling the mechanical parame-
ters. Figure 4(b) shows that by driving the MR1, signifi-
cant enhancement of the light advance can be observed in
comparison with the case without any mechanical pump
[see the blue dashed line in Fig. 4(b)]. However, by driv-
ing the MR2, a tunable switch from fast to slow light
can be achieved [see the blue solid line in Fig. 4(b)]. For
PL = 3.5 mW, in comparison with the single-mirror sys-
tem, ∼ 5 times enhancement can be observed for the
group delay by using the two-mirror device. This is useful
for achieving a multi-functional amplifier with the extra
ability to selectively tune the optical group velocities.
C. Nonlinear higher-order sidebands
As defined in Ref. [36], the efficiency of the second-
order sideband process is
η =
∣∣∣∣− ηcκA−2εpe−iφpl
∣∣∣∣ . (17)
Due to nonlinear optoemchanical interactions, in the
OMIT process, output fields with frequencies ωl ± nξ
can emerge, where n is an integer representing the order
of the sidebands [36]. The output fields with frequen-
cies ωl + 2ξ is the second order upper sideband, while
ωl − 2ξ is the lower sideband. In this work, we only con-
sider the second-order upper sideband. For the single-
mirror case, in the absence of any mechanical driving,
the second-order sideband is subdued when the OMIT
occurs, which results in a local minimum between the
two sideband peaks around ∆p = 0 [36]. The efficiency
of second-order sideband η is, however, extremely small
in conventional COM systems, e.g., 1%− 3% [36].
As shown in Fig. 5, by driving the MR1, i.e., η re-
mains almost unchanged at the resonance [see Fig. 5(a)
and the blue dashed line in Fig. 5(c)], which is similar
to the linear OMIT spectrum [see the blue dashed line
in Fig. 2(d)]. In contrast, by driving the MR2, giant en-
hancement of the second-order sideband can be observed
at the resonance [see the red solid line in Fig. 5(c)]. For
example, for ε2/εp = 0.7, the efficiency η is about 25%
[see the purple solid line in Fig. 5(b)], which is in sharp
contrast to the corresponding result η ≈ 0 by driving
MR1. This giant enhancement of second-order sidebands,
with much narrower bandwidth, can be used in precision
measurement of very weak signals, e.g., single-charge de-
tections [45, 46].
IV. CONCLUSION
In conclusion, we have studied the mechanically con-
trolled optical amplification and tunable group delay in a
compound system composed of an optical resonator and
7two coupled mechanical resonators. We find that by driv-
ing one of the mechanical modes, both OMIT peaks can
be symmetrically suppressed or amplified, which is ac-
companied by significantly enhanced light advance. In
contrast, by driving the other mechanical mode, the
OMIT spectrum becomes highly asymmetric, accompa-
nied by a transition from fast light to slow light. In addi-
tion, periodic changes of both the linear OMIT spectrum
and the higher-order sidebands can be observed by tun-
ing the phases of the mechanical driving fields. These
features of selective OMIT amplifications and switch-
able group delays of light provide more flexible ways
in practical applications ranging from optical storage
or modulations to multi-band optical communications.
In future works, it will be also of interests to study
the role of selective mechanical driving in enhancing or
steering, for examples, light-sound entanglement [93, 94],
photon-phonon mutual blockade [95], precision measure-
ment [45, 46], and switchable amplification of light or
sound.
Note added. After completing this work, we became
aware of a preprint also on OMIT utilizing an acoustic
dimer, but with only a fixed mechanical pump [96].
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Appendix A: Stability analysis
Considering photon damping and the Brownian noise
from the cavity and the environment, the EOM are given
by
c˙ = −
(
i∆c +
κ
2
)
c+ ig(b†1 + b1)c+ εl +
√
2κ cin (t) ,
b˙1 = −
(
iωm,1 +
γ1
2
)
b1 + igc
†c− iλb2 +
√
2γ1 ξ1 (t) ,
b˙2 = −
(
iωm,2 +
γ2
2
)
b2 − iλb1 +
√
2γ2 ξ2 (t) , (A1)
where cin (t) is the input noise operator with zero mean
value, and ξi (t) (i = 1, 2) is the Brownian noise opera-
tors associated with the damping of the MRi. Under the
Markov approximation, two-time correlation functions of
these input noise operators are
〈cˆin (t) cˆin (t′)〉 = δ (t− t′) ,
〈ξi (t) ξi (t′)〉 = (nth + 1) δ (t− t′) (i = 1, 2), (A2)
here nth =
(
e~ω/kBT − 1)−1, with kB is the Boltzmann
constant and T is the bath temperature. By setting all
the time derivatives to zero of Eq. (A1), the steady-state
value of c is
cs =
εl(
i∆ + κ2
) , (A3)
where ∆ = ∆c−g(b†1,s+b1,s) is the effective detuning, in-
cluding the effects of radiation pressure and Coulomb in-
teraction. We now study the steady-state behavior of the
mean photon number |cs|2 . In this case, using Eq. (A3),
it is straightforward to show that |cs|2 satisfies
|cs|2
(
∆2 +
κ2
4
)
= |εl|2 . (A4)
We provide a direct and efficient estimation on how
many positive solutions exist in Eq. (A4) according to
the Descartes rule. Eq. (A4) can be recast as
a3x
3 + a2x
2 + a1x+ a0 = 0, (A5)
where we define x = |cs|2, and the coefficients are
a3 = W
2g4, a2 = −2∆cWg2,
a1 =
κ2
4
+ ∆2c , a0 = −ε2l , (A6)
with
W =
2ωm,1
(
ω2m,2 +
γ22
4
)
− 2λ2ωm,2(
ω2m,1 +
γ21
4
)2
− 2λ2 (ωm,2ωm,1 − γ1γ24 )+ λ4 ,
(A7)
here all parameters g, κ, λ, ωm,1, ωm,2, γ1, γ2, and εl in
Eq. (A6) are positive, we have a0 < 0, a1 > 0, a2 < 0
and a3 > 0, corresponding to the following unique sign
sequence:
sgn (a3) , ..., sgn (a0) = +−+− . (A8)
According to the Descartes rule, Eq. (A5) has three real
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FIG. 6. (Color online) Mean intracavity photon number |cs|2
as a function of the pump power PL with λ = 0.1 MHz.
solutions at most, two of which are dynamically stable.
8We also have checked numerically that the parameters we
chosen in this paper satisfy the stability condition. When
the cavity is driven on its red sideband, Figure 6 shows
the mean intracavity photon number |cs|2 as a function
of pump power PL with λ = 0.1 MHz. It can be seen that
the mean photon number exhibits the standard S-shaped
bistability. As the pump power PL increases from zero,
there is only single stable solution of Eq. (A5) at the be-
ginning. However, when PL is larger than a critical value,
there are three real solutions. The largest and smallest
solutions are stable, and the middle one is unstable.
Below we determine the stability of the steady states of
our system using the Routh-Hurwitz criterion [97]. The
fluctuation terms of the EOM are
δc˙ = −
(
i∆ +
κ
2
)
δc+ iG(δb†1 + δb1) +
√
2κδcˆin (t) ,
δb˙1 = −
(
iωm,1 +
γ1
2
)
δb1 + iGδc
† + iG∗δc− iλδb2
+
√
2γ1δξ1 (t) ,
δb˙2 = −
(
iωm,2 +
γ2
2
)
δb2 − iλδb1 +
√
2γ2δξ2 (t) , (A9)
here G = gcs, In a compact matrix form, Eq. (A9) can
be recast as
δu˙ = Cu+ δvin, (A10)
where vectors u = (δc, δc†, δb1, δb
†
1, δb2, δb
†
2)
T and δvin =√
2(
√
κ δcˆin,
√
κδcˆin
†,
√
γ1 δξ1,
√
γ1δξ
†
1,
√
γ2 δξ2,
√
γ2δξ
†
2)
T,
in which T denotes the transpose of a matrix. The
matrix C is given by
C =

−i∆− κ2 0 iG iG 0 0
0 i∆− κ2 iG∗ iG∗ 0 0−iωm,1 − γ12 0 iG∗ iG −iλ 0
0 iωm,1 − γ12 iG iG∗ 0 iλ−iωm,2 − γ22 0 −iλ 0 0 0
0 iωm,2 − γ22 0 iλ 0 0
 .
The characteristic equation |C−ΥI| = 0 can be reduced
to Υ6+C1Υ
5+C2Υ
4+C3Υ
3+C4Υ
2+C5Υ+C6 = 0, where
the coefficients can be derived using straightforward but
tedious algebra. From the Routh-Hurwitz criterion [97],
a solution is stable only if the real part of the correspond-
ing eigenvalue Υ is negative and the stability conditions
can then be obtained as
C1 > 0,
C1C2 − C3 > 0,
C1C2C3 + C1C5 − C21C4 − C23 > 0,
C1C2C3C4 + C2C6
(
C21 + C3
)
+ C1C5 (C4 + C5)− C21C24 − C1C3C6 − C23C4 − C24 > 0,
C1C2C3C4C5 +
(
C21C2 − C2C3 + C1C3
)
C5C6 +
(
C3C2 + C1C4 − C1C22 − C5
)
C25 − (C1C2C6 + C4C5)C23 > 0,
C1C2C3C4C5C6 +
(
C1C
2
4 − C21C24 − C23C4
)
C5C6 + C2C3C
2
5C6 − C1C2C23C26 − C1C3C5C26 − C35C6 > 0. (A11)
Through these analyses, we have confirmed that
the experimentally accessible parameters in the main
manuscript can keep the compound system in a stable
zone.
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